Normality of Monomial Ideals 



Ibrahim Al-Ayyoub 
September 7, 2010 



Abstract 

Given the monomial ideal I = (a;" 1 , . . . , x" n ) C K [xi, ■ ■ ■ , x n ] where on are positive 
integers and K a field and let J be the integral closure oil . It is a challenging problem 
to translate the question of the normality of J into a question about the exponent set 
F(J) and the Newton polyhedron NP(J). A relaxed version of this problem is to give 
necessary or sufficient conditions on ai, ...,a n for the normality of J. We show that 
if ai 6 {s, 1} with s and I arbitrary positive integers, then J is normal. 

Introduction 

Let / be an ideal in a Noetherian ring R. The integral closure of / is the ideal / that consists 
of all elements of R that satisfy an equation of the form 

x n + a 1 x n ~ 1 + • • • + a„_ix + a n = 0, a. t e P 

The ideal / is said to be integrally closed if I = I. Clearly one has that K JC \fl. An 
ideal is called normal if all of its positive powers are integrally closed. It is known that if 
R is a normal integral domain, then the Rees algebra R[It] = ® ne j^I n t n is normal if and 
only if J is a normal ideal of R . This brings up the importance of normality of ideals as the 
Rees algebra is the algebraic counterpart of blowing up a scheme along a closed subscheme. 

It is well known that the integral closure of monomial ideal in a polynomial ring is again a 
monomial ideal, see jSH] or [Vitj for a proof. The problem of finding the integral closure for 
a monomial ideal / reduces to finding monomials r, integer i and monomials mi, m2, . . . , rrii 
in / such that r l + mim 2 • • • = 0, see |SHj . Geometrically, finding the integral closure of 
monomial ideals I in R — K[x 0l . . . , x n ] is the same as finding all the integer lattice points 
in the convex hull NP(I) (the Newton polyhedron of /) in W l of T(I) (the Newton polytope 
of /) where T(I) is the set of all exponent vectors of all the monomials in /. This makes 
computing the integral closure of monomial ideals simpler. 



A power of an integrally closed monomial ideal need not be integrally closed. For exam- 
ple, let J be the integral closure of / = (x 4 ,y 5 ,z 7 ) C K[x,y, z\. Then J 2 is not integrally 
closed (observe that y 3 z 3 g J as (y 3 z 3 ) 5 = y 5 y 5 y 5 z 7 z 8 S J 5 . Now x 2 y i z b £ J 2 since 

(x 2 y 4 z 5 ) 2 = (x 4 • y 5 ) (y 3 z 3 ■ z 7 ) G {J 2 ) 2 ■ On the other hand we used the algebra software 
Singular [GPS05] to show that x 2 y 4 z 5 J 2 ). However, a nice result of Reid et al. [RRV ( 
Proposition 3.1] states that if the first n — 1 powers of a monomial ideal, in a polynomial 
ring of n variables over a field, are integrally closed, then the ideal is normal. For the case 
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n = 2 this follows from the celebrated theorem of Zariski |ZSj that asserts that the product 
of integrally closed ideals in a 2-dimensional regular ring is again integrally closed. 

In general, there is no good characterization for normal monomial ideals. It is a chal- 
lenging problem to translate the question of normality of a monomial ideal / into a question 
about the exponent set r(/) and the Newton polyhedron NP(I). Under certain hypotheses, 
some necessary conditions are given. Faridi [Far] gives necessary conditions on the degree of 
the generators of a normal ideal in a graded domain. Vitulli |Vitj investigated the normality 
for special monomial ideals in a polynomial ring over a field. 

For a =(qi, . . . ,a n ) € N n let 1(a) be the integral closure of (a;" 1 , . . . , x"") C K[xi,..., x n ]. 
Reid et. al. [RRVj showed that if a = (ai, . . . , a n ) with pairwise relatively prime entries, 
then the ideal 1(a) is normal if and only if the additive submonoid A = (1/ai, . . . , l/a n ) 
of Q> is quasinormal, that is, whenever x G A and x > p for some p € N, there exist 
rational numbers y±, . . . , y p in A with yi > 1 for all i such that x = yi + ■ ■ ■ + y p . Thus 
for the case where a±, . . . ,a n are pairwise relatively prime, the normality condition on 
the n-dimensional monoid is reduced to the quasinormality condition on the 1-dimensional 
monoid. Another nice result of Reid et. al. [RRVj is that the monomial ideal 1(a) is normal 
if gcd(ai, . . . , a n ) > n — 2. In particular, if n = 3 and gcd(ai, a-i, a-&) 7^ 1, then 1(a) is 
normal. Therefore, in k[x±, X2, X3] it remains to investigate the normality of 1(a) whenever 
gcd(ai, a%, as) — 1 and the integers are not pairwise relatively prime. 

A important result of Reid et. al. RRV , which we use to improve our result in this paper, 
is as following. Choose i and set c = lcm (a 1, . . . , Si, . . . , a„). Put a' = (ai, . . . , Oj-i, on + 
c, Qfi+i, . . . , a n ). If I(a') is normal then 1(a) is normal. Conversely, If 1(a) is normal and 
ai > c, then I(a') is normal. 

The goal of this paper is to show that the integral closure of the ideal (a;" 1 , . . . , x% n ) C 
K[xx, . . . , x n ] is normal provided that aij € {s, 1} with s and I arbitrary positive integers. 
The following theorem provide us with a technique that we mainly depend on to prove the 
integral closedness. 

Theorem 1 (Proposition 15.4-1, Let I be a monomial ideal in the polynomial ring 

R = K[x\, . . . , x n ] with K a field. If I is primary to (x\, . . . , x n ) and ID (I : (x\, . . . , x n )) C 
/, then I is integrally closed. 

Proposition 2 (Corollary 5.3.2, \SHf ) If I C J are ideals in a ring R. then J C I if and 
only if each element in some generating set of J is integral over I. 



Certain Normal Monomial Ideals 

Let (xf, . . . ,x s m ,y[, . . . , y l n ) C K [xi, . . . , x m) y x , . . . , y n ] with K a field, x t and yi indetermi- 
nates over K, and s and I positive integers such that (without loss of generality) I > s. 

Notation 3 For the remaining of this paper fix positive integers s and I with I > s and let 
where a is any integer. Also, let k be any positive integer. 
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Let x and y be positive integers and write x — ts + r with 1 < r < s. Then y 
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inequality helps to prove the following lemma which is a key in this paper. 



Lemma 4 If i e {0, 1, . . . , ks}, then kl(ks — i — 1) + A, > (ks — i)(Xk s -i — ^-j 1 -), where 
(ks — 1)1 = ts + r with 1 < r < s. 



Proof. By the note before the lemma we have kl(ks 



A; 



[ks{ks-i-l)+i]l 



(ks 



, (ka-VU 



> (ks 



(ks-l)l 



^-) = (ks-i)(X ks . 1 -^r) 



Definition 5 Let Fk — {x^ ■ ■ ■ Xi ks _ a yj 1 ■ ■ ■ yj x | a = 0, 1, 2, . . . , ks, 1 < i\ < 12 < • • • < 

ifcs-a < ™, and 1 < ji < J2 < ■ ■ • < jA a < n}, Jk the ideal generated by all the monomials 



in F k , and I k = (x\ s , . . . , x^, y kl 
F = Fi, and I = h. 



VZ) C K[x x ,. 



i ^m; y\i 



,y n ]- Also, let J = Ji, 



Lemma 6 Jk is integral over the ideal Ik , that is, Jk C Ik- 



Proof. By Proposition [5] it suffices to show that every element of Fk is integral over 7/-. 

Also note l(ks — a) + sA„ = ksl — la + s 



Note xf t 



ksl 



■ x 'iZ- a e J fc (fcs a) and y k jf 



„ksl 



> fcs/. Therefore, (x, x 



fcsZ c rsA 
, fcsi 



Siks-aVh ' ' ' yj\ a 



&l 



k s I 



The figure below is an illustration of J3 C K[x, y, z] with s = 2, Z = 7 and I = (x s , y s , 
In this case I 3 = (x 3s ,y 3s , z 31 ) = (x 6 ,y 6 ,z 21 ) and F 3 = {x l y 3 z x °-(*+^ | i+j = 0,1,2,3,4,5,6 
and A a = [~^r] }. The elements of F3 are represented by black circles. From the figure it is 
clear that the set F3 minimally generates I3. 
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Later we will prove that Jk is the integral closure of Ik- 



Lemma 7 J k = J k . 



Proof. We show J k J = J k +i- Let x n ■ ■ ■ x la _ a y jl ■ ■ ■ y JXa G F and x h ■ ■ ■ x ika _ b y jl ■ ■ ■ y jXb G 
F k . Multiplying these two monomials we get x hl ■ ■ ■ x h{k+l)s _ {b+a) y tl ■ ■ ■ yt Xa+Xb (with 1 < 
hi < h 2 < . . . < m and 1 < t x < t 2 < ■ ■ ■ < n). This is a multiple of x hl ■ ■ ■ x h(k+1)s _ {b+a) yt x ■ ■ ■ Vt Xa+b G 
Jk+i as X a +b < A a + At,. To show the other inclusion let Xi t 



If a > fcs, write a = ks + r with < r < s, then A a = Xks+r = 
kl 



, I 



(ks- 

Vjk, G F fc and 



r - 

s 



X r . Thus this monomial equals x^ ■ ■ ■ Xi s _ r yj 1 ■ ■ ■ yj x +kl ■ But yj 1 
Xi ± --- x is „ r y jkl+1 ■ ■ ■ y jkl+Xr G F as < s-r <s.Ha< ks, then x 4l ■ ■ ■ x l(k+1)s _ a y jl ■ ■ ■ y jXa -- 
x tl ■ ■ ■ x ts Xh^ ■ ■ ■ Xh ha _ a yh ■ ■ ■ yj Xa G JJk as x tl ■■ ■ x ts G J and x hl ■ ■ ■ Xh ks _ a yj 1 ■ ■ ■ Vj x G Jk 



The main goal of this paper is to prove the following theorem 

Theorem 8 The integral closure of the ideal (i™ 1 , • ■ • ,x" n ) C K[x±, . . . , x n ] is normal, 
where at G {s, 1} with s and I arbitrary positive integers. Or equivalently, the ideal J is 
normal. 

By Lemma [B] and since I k C J k we have 

Ik G Jfe C 7 fe C J fe 

We will use Theorem [1] to show that Jk is integrally closed, hence J k is the integral closure 
of Ik- Therefore we need the following. 

Remark 9 Let R = K[x±, . . . ,x m ,yi, . . . ,y n ]. For 1 < i < m, it is easy to see that 
(Jk ■ [Xi))/Jk is generated by {z^ ■ ■ ■ Zi k3 _ a _ 1 Wj 1 ■ ■ ■ Wj^ \ a = 0, . . . , ks — 1; 1 < i\ < 
i 2 < ... < i ks _ a _i < m and 1 < j± < j 2 < • • • < j\ a < n} where zi and Wi are the 
images of Xi and yi, respectively, in R/Jk- Also, for 1 < j < n note that (Jk '■ (yj))/Jk 
is generated by {z h ■ ■ ■ z ika _ b w. ■■■w i _ t \ b = 1, . . . , ks; 1 < i\ < i 2 < ■ ■ ■ < i ks -b < m 

and 1 < ji < ]2 < • • • < jx b < n}. As the intersection of two monomial ideals is generated 
by the set of the least common multiples of the generators of the two ideals, it follows that 
(J k : (xi,...,x m ,yi,...,y n ))/J k is generated by {z h ■ ■ ■ z lks _ <i w n ■ ■ ■ _ 1 \e = l,...,ks; 
1 < h < h < ■■ ■ < iks-e < m and 1 < j x < j 2 < ■ ■ ■ < j\ e < n}. 

Lemma 10 The ideal Jk is integrally closed. 

Proof. By Theorem[T]we need to show that none of the preimages, in K\x\, . . . , x m , y\, . . . , y n ], 
of the monomial generators of ( Jk ■ (x\,. .. ,x m ,yi, . . . ,y n )) I Jk is in Jk- Assume not, that 
is, assume a = Xi t ■ ■ ■ Xi ks _ c y ji ■ ■ ■ y j _ 1 G Jk for some e € {1, . . . , ks}. This implies a d G J k 

for some positive integer d, thus a d = xf ± xf 2 ■ ■ ■ xf k y d . ■ ■ - y. ^equals the following prod- 
uct of products of the generators of Jk 

p n ) Cji 3fci 

l<0i<---<jki<n 
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n (^ij/j I j/j2---%x fc ,_ 1 ) n ' 

l<ii <m 
l<il<— <JA h< _j <n 

II (%hXhyjiyh ■■■yjx l ,,,_ 2 ) lzi 

l<ii <Z2 <m 
l<il<---<jA ts _ 2 <" 



fcs-2 ' 



l<lii<Z2<---<Zfes — I'^Ta 

l<Jl<---<jA 2 <n 

n (^•••^ s - 1 % 1 ---^ 1 ) i<i '* 2 3xi 

l<jl<-<j Al <ri 

n (^ii^^ ■ ■ ■ x iks ) 1 2 fcs 

l<2l<Z2<---<2fc s < m 

where j3 is some monomial, Cj lt „.j hl and (i lr ..,i t j 1 ,... jAt t (with 1 < t < fcs) are non- 
negative integers. For 1 < t < ks let L t = ,«t,.n,— j'a an d l et 

l<zi<Z2 <m 
1<J1<— <jA fcl> _ t <» 

C = c ji,—,jki- By summing powers we have 

i<7i<"'<ifc!<n 

L fes + L fcs _i + • ■ ■ + L 3 + L 2 + £i + C 1 = d (1) 
Also, by the total-degree count of the monomial Xi t ■ ■ ■ Xi ks _ ( , we have the following equality 
{ks)L ks + {ks - l)L fes _i + • ■ ■ + 3i 3 + 2L 2 + L x + e = {ks - e)d (2) 

where e is the total-degree of the monomial Xi t ■ ■ ■ Xi ks _ e in /?. By the total-degree count of 
the monomial y\ ■ ■ ■ yj _i we must have the following inequality 

Aiifc s -i + A2-Lfe s -2 + • • • + \ks-3L3 + Aa_, s _2^2 + Afc s _iLi + Ckl < (A e — l)d (3) 

We finish the proof by showing that (U) , © , and §5§ can not hold simultaneously. 
From (d|) and © 

C = {ks - l)L ks + {ks - 2)L ks - 1 H h 2L 3 + L 2 + e - {ks - e - l)d (4) 

Recall, {ks — 1)1 — ts + r with 1 < r < s and \ks-i < ^ks = kl. Now consider the left-hand 
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side of © 



fcs-l 

^ [fcZ(fcs - 1 - i) + \i]L ks ^i 



e/cZ - kl(ks -e-l)d (By g| 



> 



. i=0 

'ks-l 



E(ks - i)(Afc s _i - - — -)L ks ^i 



+ ekl — kl(ks — e — l)d (by Lemma|4} 



i=0 

> (A fcs _i - '^-)(ks - e)d- kltks - e - l)d (By©) 

s 

= ■^(fes-e)d-fe/(fcs-e- l)d 

= GO- 

> (A e - l)d. 

This is a contradiction to ([3]) as required. ■ 

Proof, (of Theorem [8]) The proof follows by the above lemma and Lemma [7J 



We have already proved that if a =(a\, . . . ,a n ) £ N n with the entries of a consisting 
of two positive integers, then 1(a), the integral closure of (x™ 1 , . . . , x" n ) C K[xi, . . . , x n ], is 
normal. Noting that the ideal I(x A , y 5 ,z 7 ) C K[x, y, z] is not normal, the following question 
arises: when is 1(a) normal provided that a consists of three distinct positive integers? In 
the proposition below we give a partial answer for this question. 



Theorem 11 (Theorem 5.1, jRRVl) Let a = (a\, . . . , a n ) £ W l , c — lcm(a 1 , . . . , a n _i). 
Let L(a) be the integral closure of (x" 1 , . . . , x" n ) C K[x\, . . . , x n ] and I(a') the integral 



closure of (x" 



r a n +c 



) C K[x\, . . . , x n ]. If I (a 1 ) is normal, then 1(a) is normal. 



Conversely, If 1(a) is normal and a n > c, then I(a') is normal. 

Proposition 12 // a =(ct\, . . . , a n ) £ N™ with on £ {s, 1} for i 

divides I and I divides a n , then 1(a) is normal. 



1,. 



1 such that s 



Proof. We proceed by induction on the integer q = a n /l. By Theorem [8] the ideal 1(a) 
is normal whenever q = 1. Note I = lcm{s, /} as s divides /. Assume 1(a) is normal for 
a =(oji, . . . , ck„_i, ql) with on £ {s, 1} for i = 1, . . . , n — 1. Then by the above Theorem 
I(a') is normal where a'=(a.i, . . . , a n _i, ql + I). ■ 
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